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Abstract In this paper we prove that any odd multigrid with non-zero rational offsets is
regular, which means that its dual is a rhombic tiling. To prove this result we use a result
on trigonometric diophantine equations.
Keywords De Bruijn Multigrid · Rhombic Tiling · Trigonometric Diophantine Equations
1 Introduction
In the 70s Penrose defined a nonperiodic rhombic tiling with 5-fold symmetry. This tiling
has been thoroughly studied and is one of the most famous in the research field. In 1986 De
Bruijn proposed an algebraic definition of this tiling by the dualisation of a pentagrid [1].
Later on a generalised multigrid method has been shown to be equivalent to the projection
method for the construction of tilings by Gahler and Rhyner [2]. Let us define multigrids
and present our result.
Let n ≥ 3 be an integer, let ζ be a primitive root of unity of order n and
γ0, γ1, . . . γn−1 ∈ [0, 1[. Let H(ζi, γi) :=
{
z ∈ C,Re (z · ζ¯i)+ γi ∈ Z} called the grid of
orientation ζi and offset γi. This means that H(ζi, γi) is a set of equidistant parallel lines
orthogonal to ζi. Let the multigrid of order n and offset (γ0, γ1, . . . , γn−1) be
Gn(γ0, γ1, . . . , γn−1) :=
n−1⋃
i=0
H(ζi, γi) (see Figure 1a).
The multigrid Gn(γ0, γ1, . . . , γn−1) is called regular when no more than two lines inter-
sect in any point, or in mathematical terms for any distinct 0 ≤ i, j, k < n,
H(ζi, γi) ∩H(ζj , γj) ∩H(ζk, γk) = ∅. Otherwise the multigrid is called singular.
Every multigrid is dual to a tiling of the plane by the following dualization process.
To define this dualization we will need the functions K from C to Zn and f from C to C
defined by
K(z) :=
(⌈
Re
(
z · ζ¯i)+ γi⌉)0≤i<n and f(z) := n−1∑
i=0
⌈
Re
(
z · ζ¯i)+ γi⌉ ζi.
We can remark that f(z) is constant on the interior of every cell or mesh of the multigrid,
so it associates to each cell a single vertex in C. These vertices form the vertex set of the
dual tiling where two vertices are linked by an edge when the corresponding cells of the
multigrid are adjacent along an edge. See the red cell and the yellow cell in Figure 1a and
their dual vertices represented by the semi-transparent red and yellow cells on the vertices
in Figure 1b, we can remark that the edges around these vertices are perpendicular to the
edges of its dual cell.
The dual of the lines of the multigrid are worm of tiles in the tiling, the tiles in this
worm all have a set of edges that is perpendicular to the dual line, see the green and blue
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(a) The pentagrid G5( 12 ,
1
2 ,
1
2 ,
1
2 ,
1
2 ) (b) The dual tiling P5(
1
2 ,
1
2 ,
1
2 ,
1
2 ,
1
2 )
Figure 1: Example of a regular grid and it’s dual tiling
line and their dual worms in Figure 1. Assuming the grid is regular, at the intersection of
two worms is a rhombus whith edges perpendicular to the dual lines (also see green and
blue worms).
This dual tiling denoted by Pn(γ0, . . . γn−1) is a rhombic tiling whenever the multigrid
is regular. So arises the question: for what offset γ = (γ0, . . . γn−1) is Gn(γ) regular?
It is trivial that Gn(0) is singular because all grids intersect at the origin. And it is
also well known that ∃∞γ ∈ [0, 1[n such that Gn(γ) is regular, and also ∃∞γ ∈ [0, 1[n such
that Gn(γ) is singular. The specific case of the pentagrid G5 has been studied [3] and for
example it is known that if the grid is regular and the sum γ0 + γ1 + γ2 + γ3 + γ4 is an
integer then the dual tiling P5(γ0, γ1, γ2, γ3, γ4) is a canonical Penrose rhombic tiling (it
follows the penrose rhombus local rules), specific cases of non-regular pentagrids are also
discussed in [3].
Theorem 1. Let n be an odd integer ≥ 3. Let γ0, γ1, . . . γn−1 be non-zero rational numbers.
Then the multigrid Gn(γ0, γ1, . . . γn−1) is regular.
2 Regularity and trigonometric equations
Let n ∈ N, γ0, γ1, . . . γn−1 ∈ [0, 1[ such that Gn(γ0, γ1, . . . γn−1) is singular. This means
that there exist z ∈ C at the intersection of three lines, up to relabeling and rotation we
chose to consider it is at the intersection of H(ζ0, γ0), H(ζq, γq) and H(ζp, γp) for some
0 < q < p < n. This means that there exist k0, kq, kp ∈ Z such that
Re(z) = k0 + γ0
Re(z · ζ¯q) = kq + γq
Re(z · ζ¯p) = kp + γp
Write z = k0 + γ0 + iy and ζ = e
2ipi
n . Now we have
z = k0 + γ0 + iy
(k0 + γ0) cos
2qpi
n + y sin
2qpi
n = kq + γq
(k0 + γ0) cos
2ppi
n + y sin
2ppi
n = kp + γp
2
Figure 2: Intersection of three lines
Let us now cancel out the y terms by L3 ← sin 2ppin L2 − sin 2qpin L3.
z = k0 + γ0 + iy
(k0 + γ0) cos
2qpi
n + y sin
2qpi
n = kq + γq
(k0 + γ0) cos
2qpi
n sin
2ppi
n − (k0 + γ0) cos 2ppin sin 2qpin = (kq + γq) sin 2ppin − (kp + γp) sin 2qpin
Now let us study the third line to simplify it.
(k0 + γ0) cos
2qpi
n sin
2ppi
n − (k0 + γ0) cos 2ppin sin 2qpin = (kq + γq) sin 2ppin − (kp + γp) sin 2qpin
⇔ (k0 + γ0)
(
cos 2qpin sin
2ppi
n − cos 2ppin sin 2qpin
)
= (kq + γq) sin
2ppi
n − (kp + γp) sin 2qpin
⇔ (k0 + γ0) sin 2(p−q)pin + (kp + γp) sin 2qpin − (kq + γq) sin 2ppin = 0
Proposition 1. Let n ∈ N, let 0 < q < p < n and γ0, γq, γp ∈ [0, 1[.
H(ζ0, γ0) ∩H(ζq, γq) ∩H(ζp, γp) 6= ∅ if and only if there exists k0, kq, kp ∈ Z such that
(k0 + γ0) sin
2(p−q)pi
n + (kp + γp) sin
2qpi
n − (kq + γq) sin 2ppin = 0
Corollary 1. Let n ∈ N, and γ0, γ1, . . . γn−1. If for any p, q such that 0 < q < p < n there
is no solution with r0 ∈ γ0 + Z, rq ∈ γq + Z and rp ∈ γp + Z to the equation
r0 sin
2(p−q)pi
n + rp sin
2qpi
n − rq sin 2ppin = 0 (1)
Then the grid Gn(γ0, γ1, . . . γn−1) is regular.
3
Let us now consider the solutions to Equation (1).
3 Diophantine trigonometric equations
We call rational angles the set piQ. We consider now equations of the type
A sin(a) +B sin(b) + C sin(c) = 0 (2)
with a, b and c rational angles.
In the previous paragraph we had A ∈ γ + Z for some real number 0 ≤ γ < 1 but now
we will consider A,B and C to be rationals.
Theorem 2 (ConwayJones, ’76). Suppose we have at most four distinct rational angles
strictly between 0 and pi2 for which some rational linear combination of their cosines has
rational value but no proper subset has this property.
Then the appropriate linear combination is proportional to one from the following list:
cos
(
pi
3
)
= 12 (3)
− cos(φ) + cos
(
pi
3 − φ
)
+ cos
(
pi
3 + φ
)
= 0 (0 < φ < pi6 ) (4)
cos
(
pi
5
)− cos (2pi5 ) = 12 (5)
cos
(
pi
7
)− cos (2pi7 )+ cos (3pi7 ) = 12 (6)
cos
(
pi
5
)− cos ( pi15)+ cos (4pi15 ) = 12 (7)
− cos (2pi5 )+ cos (2pi15 )− cos (7pi15 ) = 12 (8)
cos
(
pi
7
)
+ cos
(
3pi
7
)− cos ( pi21)+ cos (8pi21 ) = 12 (9)
cos
(
pi
7
)− cos (2pi7 )+ cos (2pi21 )− cos (5pi21 ) = 12 (10)
− cos (2pi7 )+ cos (3pi7 )+ cos (4pi21 )+ cos (10pi21 ) = 12 (11)
− cos ( pi15)+ cos (2pi15 )+ cos (4pi15 )− cos (7pi15 ) = 12 (12)
See the original article [4] for the proof. The proof is based on a more general result on
vanishing sums of roots of unity. And this is proved using complex numbers and vanishing
formal sums theory.
Corollary 2. Let a ≤ b ≤ c be rational angles strictly between 0 and pi2 and not all equal,
and let A, B, C be non-zero rationals.
If A cos(a) +B cos(b) + C cos(c) = 0 then either
a = pi5
b = pi3
c = 2pi5
B = C = −A
or

0 < a < pi6
b = pi3 − a
c = pi3 + a
B = C = −A
Proof. We only apply the previous theorem. We first remark that there is no solution for
A cos(a) + B cos(b) = 0 with a and b distinct and strictly between 0 and pi2 . Now with
0 < a < b < c < pi2 , we have either a combination of Equations (3) and (5) (first case) or
Equation (4) (second case).
4 Proof of the theorem
In Section 2 Corollary 1 we showed the link between regularity of a multigrid and equations
with sines. And in Section 3 we studied diophantine cosine equations. Let us now link the
equations that arose in Section 2 and diophantine cosine equations.
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Lemma 1 (Sine and cosine). Let θ ∈ R.
There exists θ′ ∈ [0, pi2 ] of the form θ′ = ±
(
kpi + pi2 − θ
)
for some integer k, such that
sin(θ) = ± cos(θ′).
Remark: θ = kpi + pi2 ± θ′.
Proof. For 0 ≤ θ ≤ pi2 we have sin(θ) = cos(pi2 − θ),
for pi2 ≤ θ ≤ pi we have sin(θ) = cos(θ − pi2 ),
and more generaly for θ ≥ 0 with k1 =
⌊
θ
pi
⌋
and k2 =
⌊
2θ
pi
⌋
we have
sin(θ) = (−1)k1 cos
(
(−1)k2(k1pi + pi2 − θ)
)
.
For θ < 0 remark that sin(θ) = − sin(−θ) and −θ > 0 and use the preceding formula with
−θ.
Denote (θ) = (−1)
⌊
θ
pi
⌋
and φ(θ) = (−1)
⌊
2θ
pi
⌋ (⌊
θ
pi
⌋
pi + pi2 − θ
)
Lemma 2. Let n be an odd integer greater or equal to 3.
∀ 0 < q < p < n,∀ r0, rp, rq ∈ Q∗,
r0 sin
2(p−q)pi
n + rp sin
2qpi
n − rq sin 2ppin 6= 0 (13)
Proof. By contradiction suppose that there exist p, q, r0, rp, rq such that
r0 sin
2(p−q)pi
n + rp sin
2qpi
n − rq sin 2ppin = 0 (14)
Let θ0 = φ
(
2(p−q)pi
n
)
, θq = φ
(
2qpi
n
)
, θp = φ
(
2ppi
n
)
, r′0 = r0
(
2(p−q)pi
n
)
, r′p = rp
(
2qpi
n
)
and r′q = −rq
(
2ppi
n
)
. By definition of φ and  and by Lemma 1 we have

r0 sin
2(p−q)pi
n = r
′
0 cos θ0
rp sin
2qpi
n = r
′
p cos θq
−rq sin 2ppin = r′q cos θp
So we have
r′0 cos θ0 + r
′
p cos θq + r
′
q cos θp = 0
with non-zero rational coefficients r′0, r′p, r′q and not all equal rational angles
0 < θ0, θp, θq <
pi
2 because p 6= q and because n is odd so no 2kpin is a multiple of pi2 .
So by Corollary 2, {θ0, θq, θp} is either {pi5 , pi3 , 2pi5 } or {θ, pi3−θ, pi3 +θ} for some 0 < θ < pi6 .
Recall that by definition of φ
2ppi
n =
⌊
2p
n
⌋
pi + pi2 − (−1)
⌊
4p
n
⌋
θq
2qpi
n =
⌊
2q
n
⌋
pi + pi2 − (−1)
⌊
4q
n
⌋
θp
2(p−q)pi
n =
⌊
2(p−q)
n
⌋
pi + pi2 − (−1)
⌊
4(p−q)
n
⌋
θ0
Let us first remark that if {θ0, θq, θp} = {pi5 , pi3 , 2pi5 } it means that there is a 0 < k < n
such that 2kpin = b2kn cpi + pi2 − (−1)b
4k
n c pi
5 which means
2kpi
n ∈
{
3pi
10 ,
7pi
10 ,
13pi
10 ,
17pi
10
}
this is
impossible because n is odd.
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So the only case left is {θ0, θq, θp} = {θ, pi3 − θ, pi3 + θ} for some 0 < θ < pi6 .
Since 2qpin +
2(p−q)pi
n − 2ppin = 0.
We have kqpi + pi2 ± θq + k0pi + pi2 ± θ0 − kppi − pi2 ± θp = 0 which we reformulate as
(kq + k0 − kp)pi + pi2 = ±θq ± θ0 ± θp
= ±θ ± (pi3 − θ)± (pi3 + θ)
∈ {±2pi3 ± θ , ±θ , ±3θ} .
In the first case we have θ = ± (6(kq+k0−kp)+3±4)pi6 is a multiple of pi6 which is impossible
with 0 < θ < pi6 . Similarly in the second case θ = ± (2(kq+k0−kp)+1)pi2 is a multiple of pi2
which is impossible with 0 < θ < pi6 . And in the third case 3θ = ± (2(kq+k0−kp)+1)pi2 so θ is
a multiple of pi6 which is impossible with 0 < θ <
pi
6 .
We have reached contradictions in every case, so overall there exist no p, q ∈ N such that
0 < q < p < n and r0, rp, rq ∈ Q∗ such that r0 sin 2(p−q)pin + rp sin 2qpin − rq sin 2ppin = 0.
Lemma 2 and Corollary1 immediatly imply the theorem.
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